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ABSTRACT. For a knotted graph in S3 we define the vertex constant group,
a quotient of the fundamental group of the complement. For planar graphs
the group is cyclic. For graphs with periodic symmetry the group is related
to the fundamental group of the branched cover of S3 branched over knots
contained in the quotient of the graph under the symmetry. These tools are
used to demonstrate that a large family of knotted graphs are not planar.

This note presents a new tool for distinguishing knotted graphs in S3. To
each such graph I we associate a group, called the vertex constant group; for
connected planar graphs the vertex constant group is finite cyclic. Our first appli-
cation is to offer a new proof that all elements of a particular family of knotted
graphs, denoted ¥, , are nontrivial. This family of graphs was introduced by
Suzuki [Su], expanding on an example of Kinoshita [Ki]; it is of particular in-
terest as a test case for new methods since each element is Brunnian—that is,
every subgraph is planar. Suzuki proved that the ¥, are nontrivial using an
algebraic argument in which he showed that the fundamental group of the com-
plement is not free; Scharlemann [S] has described a more geometric approach,
reducing the problem to a calculation in the braid group.

Our second application is to demonstrate that the 3, represents a special case
of a large class of knotted graphs, all of which will be proved nontrivial without
any explicit calculation. Neither of the approaches of [S, Su] nor apparently
any other known techniques apply to the entire class. (See [K1, K2, T, Y] for
recent progress in the study of knotted graphs.) Figure 1 illustrates the graph
5. One vertex has been placed at the point at infinity to highlight the periodic
symmetry of the graph. Similarly, ¥, has two vertices joined by n edges. Note
that there is a period n transformation, T, of S3 leaving 9, invariant. This
action determines a branched cover of S3, the image of 9,, is an arc, K.
Figure 2 illustrates K along with the branch set, described as the union of two
arcs, B, and B,. The union of B, and K is a trefoil knot. We will see that
if the edges of ¥, are replaced with any other periodic family of edges, the
graph continues to be nontrivial, as long as the union of B, and K forms a
nontrivial knot in S3.
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FIGURE 1

FIGURE 2



KNOTTED SYMMETRIC GRAPHS 965

1. THE VERTEX CONSTANT GROUP

Given a regular projection of a knotted graph I' there is an associated
Wirtinger presentation of the fundamental group of the complement, =, de-
fined as for knots. The vertex constant group, 7*, is the quotient of n defined
by setting all meridians at each vertex equal. For this to be well defined an
orientation of each meridian near each vertex must be chosen. This is done by
(locally) orienting each edge of the graph near the vertex to point toward that
vertex. As one example, Figure 1 includes Wirtinger generators of the graph
95 . The generators at each vertex have been identified and labelled x and y.
A quick calculation shows the vertex constant group has presentation

Gn = (x,ylxy~'x T =yxy~t x" =1).

(For details on the notation of the figure, and of the method of calculation, see
[C].)

Proving that the isomorphism class of #* depends only on the isotopy class
of I' is a standard exercise in knot theory. Note however that the vertex con-
stant group is not an invariant of the complement of the graph, or even of the
topological pair (S3, I'); adding a vertex to an edge adds the relation that the
square of the meridian to that edge is trivial.

For a connected planar graph the vertex constant group is easily seen to be
cyclic; more specifically, if 9, were planar, then G, would be isomorphic to
Z,. Here is a quick way to prove this is not the case. Observe that G, is
isomorphic to the group of the trefoil knot with the added relation that the
nth power of the meridian is trivial. (In the usual presentation of the trefoil
group y is replaced with y~! in the above presentation.) There is a natural
homomorphism onto Z,; the kernel is the fundamental group of the n-fold
cover of the trefoil complement with the added relation that the lift of the
meridian to that cover is trivial. That is, the kernel of the map onto Z, is
the fundamental group of the n-fold branched cover of the trefoil. This group
is known to be nontrivial. (For the trefoil this can be shown explicitly; it also
follows from the Smith Conjecture [B].)

2. PERIODIC GRAPHS

We now want to see that replacing the edges of ¥, with a different periodic
set of edges will generally leave the graph nonplanar. We begin by offering a
slightly different proof that 3§, is nontrivial, one that exploits the periodicity
of the graph, and then note that this alternative proof immediately extends to
the more general setting.

There is a period n transformation, T, on the complement of 9, with fixed
set a pair of arcs, Bf and B; . The quotient of this action is the complement
of the arc K in S3, illustrated in Figure 2. The images of the branch curves in
the quotient are also shown in Figure 2, labelled B; and B,. Note that KU B,
is the trefoil knot. As will soon be seen, the appearance of the trefoil knot and
the role of the trefoil in the previous argument are not coincidental.

Pick a basepoint for S* — 9, on the branch set, Bf. Then T defines an
action on 7 denoted T, . Define a quotient of z, n*, by adding the relations
x = T.(x) for all x in n. Clearly n* is a quotient of #n*, so showing that
n* is noncyclic will imply that n* is noncyclic. A covering space argument
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presented in the next section shows that n* is isomorphic to the group of the
complement of the knot K U B, with the added relation that the nth power of
the meridian to B, is trivial. But, as in the argument in the previous section,
this group has an index » subgroup isomorphic to the fundamental group of
the n-fold branch cover of S3 branched over K U B,. Hence, by the Smith
Conjecture, 9, is nontrivial.

This proof just given reveals that the essential property of the 39, is that
K U B, is knotted. Hence, if the edges of ¥, are replaced with any other
periodic family, the graph remains nontrivial, as long as K U B, is nontrivial.

3. COVERING SPACES

We conclude with the covering space argument used in the previous section
to analyze n*.

Suppose that p : (M, B}, ..., B;) = (N, By, ..., By) is an n-fold cyclic
branched covering of 3-manifolds, branched over arcs B;, ..., B,, each of
branch index n. Let T denote the generator of deck transformations, and let
n* denote the quotient of 7;(M, b}) under the relations x = Ty(x) forall x,
where b} is a basepoint on B} .

Theorem. The group n* is isomorphic to the quotient of m\(N—(ByU---UBy), b;)
under the relations m! =1, i > 1, where the m; are the meridians to the B; .

Proof. First consider the case that k = 1. The projection map from 7 (M, b})
to m (N, by) is easily seen to determine a well-defined map of the quotient n*
to m (N, by). Next observe that a lifting argument implies that this induced
map is surjective. To prove injectivity, represent an element in the kernel by a
path y*. By transversality it can be assumed that y* is disjoint from B} except
at its endpoints. Let y be the image of y* in N. Again using transversality
it can be assumed that y bounds a disk in N that meets B; transversely, and
after an isotopy, all points of intersection of the disk with B; are at b; . Hence,
y is homotopic, via a homotopy missing B; to a product of paths, based at b, ,
each of the form wm;w~! where w is a closed path in N meeting B, only
at its endpoints. This homotopy lifts to the branched cover. The lift of each
individual path is of the form xTy(x~!). (The element x is represented by a
lift of w.) Hence, y* represents the trivial element in the quotient group n*.

In the case that & > 1, consider the manifolds constructed by removing all
the components of the branch set of M , other than B;, and the corresponding
branch curves from the quotient. The argument of the previous paragraph
applies for these subspaces. The full spaces are reconstructed by adding in
the branch curves. Since the meridians of the branch curves in the cover are
identified, via the isomorphism, with the nth powers of meridians of the branch
curves in the quotient, an isomorphism is maintained if these powers of the
meridians in the quotient are set equal to the identity.

REFERENCES

[B] H. Bass and J. Morgan, The Smith Conjecture, Academic Press, Orlando, FL, 1984.

[C1 R. Crowell and R. Fox, Introduction to knot theory, Graduate Texts in Math., vol. 57,
Springer-Verlag, New York, 1977.

[K!=+ L. Kauffman, Invariants of graphs in 3-space, Trans. Amer. Math. Soc. 311 (1988), 697-710.



KNOTTED SYMMETRIC GRAPHS 967

[K2] L.Kauffman, J. Simon, K. Wolcott, and P. Zhao, Invariants of theta-curves and other graphs
in 3-space, Topology Appl. 49 (1993), 193-216.

[Ki] S. Kinoshita, On elementary ideals of polyhedra in the 3-sphere, Pacific J. Math. 42 (1972),
89-98.

[S] M. Scharlemann, Some pictorial remarks on Suzuki’s Brunnian graph, Topology ‘90-Proc. of
Ohio State Topology Year (B. Apanasov, W. D. Neumann, A. W. Reid, and L. Siebenmann,
eds.), Walter de Gruyter, Berlin, 1992, pp. 351-354.

[Su]l S. Suzuki, Almost unknotted Opn-curves in 3-sphere, Kobe J. Math. 1 (1984), 19-22.
[T]  A.Thompson, Polynomial invariants of graphs in 3-manifolds, Topology 31 (1992), 657-665.

[Y] S. Yamada, 4 topological invariant of spatial regular graphs (A. Kawauchi, ed.), Knots 90,
Walter de Gruyter, New York, 1992.

DEPARTMENT OF MATHEMATICS, INDIANA UNIVERSITY, BLOOMINGTON, INDIANA 47405
E-mail address: 1ivingst@math.indiana.edu



	Article Contents
	p. 963
	p. 964
	p. 965
	p. 966
	p. 967

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 123, No. 3 (Mar., 1995), pp. 647-977
	Front Matter
	Buildings as Inner Ideal Geometries [pp. 647-650]
	A Proper G Action on C Which is Not Locally Trivial [pp. 651-655]
	A New Characterization of Totally Projective Groups of Cardinality ℵ [pp. 657-662]
	On the Exponent of the Ideal Class Group of [pp. 663-671]
	Characterizations of Natural Submodular Graphs: A Polynomially Solvable Class of the TSP [pp. 673-679]
	The Casselman-Shalika Formula for a Distinguished Model [pp. 681-692]
	Conditions for a Module to be Injective and some Applications to Hopf Algebra Duality [pp. 693-702]
	The Riccati Flow and Singularities of Schubert Varieties [pp. 703-709]
	Weak Maximality Condition and Polycyclic Groups [pp. 711-714]
	The Weak Convergence of Unit Vectors to Zero in Hilbert Space is the Convergence of One-Dimensional Subspaces in the Order Topology [pp. 715-721]
	Star-Shaped Complexes and Ehrhart Polynomials [pp. 723-726]
	Castelnuovo Regularity and Graded Rings Associated to an Ideal [pp. 727-734]
	Banach Algebras in Which Every Element is a Topological Zero Divisor [pp. 735-737]
	Local Derivation of Nest Algebras [pp. 739-742]
	The Finite Fibre Problem and an Index Formula for Elementary Operators [pp. 743-746]
	Application of the Operator Phase Shift in the L-Problem of Moments [pp. 747-754]
	Local Minimizers of Integral Functionals are Global Minimizers [pp. 755-757]
	Linear Tame Extension Operators from Closed Subvarieties of C [pp. 759-763]
	A Note on Hermitian Operators on Function Spaces [pp. 765-769]
	Asymptotic Behaviour of Firmly Nonexpansive Sequences [pp. 771-777]
	Kähler Moišezon Spaces Which are Projective Algebraic [pp. 779-783]
	Stochastic Continuity of Random Derivations on H-Algebras [pp. 785-796]
	The Arc Length of the Lemniscate {|p(z)| = 1} [pp. 797-799]
	A Note on the Dirichlet Problem for the Stokes System in Lipschitz Domains [pp. 801-811]
	Tempered Boehmians and Ultradistributions [pp. 813-817]
	A Counterexample to Access Theorems for C Functions [pp. 819-825]
	A Class of Riesz-Fischer Sequences [pp. 827-829]
	A Pythagorean Inequality [pp. 831-839]
	Some Counterexamples to the Regularity of Monge-Ampère Equations [pp. 841-845]
	A Remark on Distribution of Zeros of Solutions of Linear Differential Equations [pp. 847-854]
	Surfaces in R with Constant Affine Gauss Maps [pp. 855-863]
	Surfaces with Orthogonal Families of Circles [pp. 865-872]
	Axiomatization and Undecidability Results for Metrizable Betweeness Relations [pp. 873-882]
	Representing Projective Sets as Unions of Borel Sets [pp. 883-886]
	Base-Invariance Implies Benford's Law [pp. 887-895]
	Descriptions of Conditional Expectations Induced by Non-Measure-Preserving Transformations [pp. 897-903]
	Remarks on the Topology of Folds [pp. 905-908]
	Cut Points in Čech-Stone Remainders [pp. 909-917]
	Functions of Conditionally Negative Type on Kazhdan Groups [pp. 919-926]
	Cycles in C Twists [pp. 927-934]
	D-Sets and BG-Functors in Kazhdan-Lusztig Theory [pp. 935-943]
	Menger Manifolds Homeomorphic to Their n-Homotopy Kernels [pp. 945-953]
	Dold Manifolds with (Z)-Action [pp. 955-958]
	Numerical Meshes and Covering Meshes of Approximate Inverse Systems of Compacta [pp. 959-962]
	Knotted Symmetric Graphs [pp. 963-967]
	A Counter-Example on a Quasi-Variational Inequality Without Lower Semicontinuity Assumption [pp. 969-970]
	A Topological Equivalence of the Singular Cardinals Hypothesis [pp. 971-973]
	Corrigenda for "A Conjecture of S. Chowla via the Generalized Riemann Hypothesis" [p. 975]
	Correction to "Remarks on Automorphisms of Subfactors" [p. 977]
	Back Matter





